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Abst rac t - -The  equation ~ = sy(t)(1 - ~=o bky(t - k~)), ~ > O, bk, ~ E [0; ~) ,  (0 ~< k ~< n), 
has been discussed. It is shown that the stationary solution y ~ 1 /~=0 bk is stable with respect o 
small perturbations when the sequence (bk) is nonnegative and convex. (~) 2004 Elsevier Ltd. All 
rights reserved. 
Keywords - -L inear  stability, Delay-differential equation, Principle of argument. 
1.  INTRODUCTION 
Let us consider the logistic equation of population dynamics 
dy 
d-~ = sy(t)(1 - by(t)),  ~>0, b>0. (1) 
Introducing in (1) delays vk which represent he different contr ibutions of the past generations 
into the destruct ion of the environment, we get the model 
d--t = sy(t) 1 - bky(t - ~-k , (2) 
k=o 
where s > 0, bk, Tk E [0; ~)  (0 ~ k ~ n). Here y(t)  is the size of the populat ion at instant t 
and ~-k is the delay factor. The constant y = 1 /~=0 bk is the stat ionary nonzero solution of 
equation (2). 
1 Let us introduce into (2) the deviation x(t )  = y(t)  - / ~k=o bk and ignore the second-order 
terms. Then the local stabil ity of the nonzero stat ionary solution of equation (2) depends on the 
stabil ity of the zero solution of the following equation 
& f i  akx(t - ~)  (3) 
dt 
k=o 
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In equation (3), 
where (0 ~< k ~< n). 
ebk 
ak - ~ bj ' 
j=O 
(4) 
In Proposition 1.2.9 of [1], it is shown that the condition }-~=0 ak~-k < 1 is sufficient for the 
stability of the zero solution of equation (3). Equation (3) is similar to the integrodifferential 
equation 
d fix = _ a(T)X(t -- ~-) d'r, (5) 
dt 
where a(r) is positive, continuous at ~-/> 0 and fo  a(~-) d~- converges. In Proposition 1.2.7 of [1] 
it is shown that the similar condition fo  Ta(~-)d~- < 1 is sufficient for the stability of the zero 
solution of equation (5). 
Besides, Gopalsamy [1, Theorem 1.2.20] has proved that under certain conditions the convexity 
a(~-) is sufficient for the stability of the zero solution of (5). 
THEOREM 1. Assume a(T) satisfies 
1. a(~) e c[o, o~) n c2(o, c~), 
2. ( -1) J  d--~ a(~- ) /> Ofor, T /> 0, j = 0,1,2, 
3. a(T) ~ constant. 
Then every solution of (5) satisfies x(t) --+ 0 as t -~ oo. 
We consider a form of equation (3) where all the delays Tk are multiples of one of them: ~rk = kT 
(~- > 0, k -- 0, 1 , . . . ,  n). Let us consider the equation 
f~ 
d_~ = _ ~ akx(t  - k~). (6) 
dt k----O 
DEFINITION. The fnite sequence (ak), (k = 0, 1, . . . ,  n) is called convex, if for any k < n - 1 the 
inequality ak+l < (ak + ak+2)/2 is true. 
Note that, if the sequence (ak) is convex and an = 0, then a~-i  < a~-2/2 and the sequence (Ck) 
where ck -=- ak -- a,~-i (k = 0, 1 , . . . ,  n - 1) also satisfies the restriction cn-1 = 0 and is convex. 
Our objective is to show that, if the sequence (ak) (k = O, 1 , . . . ,  n) is convex and a~ -- 0, 
then the zero solution of the equation (6) is stable. Thus, it will be the analog of Gopalsamy's 
Theorem 1 for equation (6) with discrete delays. 
2. THE STABIL ITY OF THE ZERO 
SOLUTION OF EQUATION (6) 
We begin by giving the proof of two lemmas. 
inequality ~-'~k=0(n -- k) cos koz > 0 is true. LEMMA 1. For any n C N and for any a C JR, the " • n 
PROOF. It is known that, if a # 2~rm, m e No = {0, 1, 2, . . .  }, then 
n 
E sin ks  = cos(~/2) - cos((2~ + 1)~)/2 
2 sin(a/2) 
k--1 (7) 
n 
cosk~ = sin ((2~ + 1)~)/2 _ ! 
k=l 2 sin(a/2) 2" 
n n ~--- n __  Using (7), we have }--~.k=o( - k) cos ks  n + n ~k=l  cos ks  d (~= 1 sin ks)  = n /2  + (1 - 
cos na) / (2  - 2 cos a) >>. n /2  > O. 
Obviously, if a = 2rrm, m e No, then ~=o(n-  k )coska  -- n(n  + 1)/2 > 0. The proof is 
complete. 
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LEMMA 2. I f  the nonnegative sequence (ak ) (k =- 0, 1 , . . . ,  n) is convex and an = O, then for any 
n n n E N and for any c~ E I~, the inequality ~k=o ak cos ka >~ an-1 ~k=o(n - k) cos ka is true. 
PROOF. We proceed by induction, of which the initial step is trivial. 
Suppose that  for any nonnegative sequences (Ck) k E {0, 1 , . . . ,  n} satisfying the condition 
c~ = 0 and convex the inequality is true. Let (ak) k E {0, 1 , . . . ,  n + 1} be a nonnegative se- 
n Tt  
V'n+l ak cos/ca = ~-~k=o ( ak -- an) cos ka + an ~k=o cos ]ca. Let quence, let an+l = O. Then, z_~k=0 
us denote ck = ak -an .  The sequence (ck) is nonnegative, convex and an = 0. Thus, us- 
ing the induction hypotheses, Lemma 1, and inequality an-1 > 2an which is a consequence 
x-~n+l n 
= = ~k=0 ak of the convexity and the condition an+l 0, we get z_,~=0 ak cos k~ cos ks  = 
n n n n 
~-~k=0 Ck COS kc~ + an ~k=O cos k~ ~> Ca--1 ~k=o(n -- k) cos kc~ + an ~k=o cos k~ = (an-1 - an) 
n n n n 
Ek=0(n  - k) cos k~ + an Ek=0 cos k~ = an Ek=0(1  - ~ + k) cos k~ + an-1 Ek=0(n  - k) cos k~ > 
n 1 kc~+2an~k=o(n-k )cosk~=an~k=o(n+l -k )coskc~=a~z_~k=o an ~k:0( - -n+k)  cos n n ~n+l (n  - 
1 - k} cos ks. The proof is complete. 
THEOREM 2. I f  the nonnegative sequence (ak) (k = O, 1 , . . . ,  n) is convex and an = O, then any 
solution x(t) of equation (6) has the property x(t) --+ 0 as t --+ co. 
PROOF. The problem of zero solution stability of equation (6) is reduced to the roots' Iocatio~.~ 
of the characteristic equation 
; + ~ ake-~k~ = 0. (S) 
Let ~(p) = p + ~-~=o ak e-pkg. We consider the motion of argument p along the contour KR of 
the complex plane. This contour contains a segment IR : p = -iw~ ( -R  ~ w ~ R) and semicircle 
cR : p = Re  ~ ( -~/2  ~< ~ ~< ~/2).  
Using the principle of argument for the proof of Theorum 2, it is sufficient to show that 
A Arg ~(p) = 0 during the motion of p along KR where R -~ co. That  means the absence of 
roots ~(p) in the right semiplane. So, any solution x(t) of equation (6) will have the property 
x( t )  --* 0 as t -~ ¢c. 
It  is clear that A Arg ~(p) -~ ~ during the motion of p along CR as T/ -~ oz. We consider 
the motion along the segment p = - iw  (0 <. w <~ R). Next, denote u(w) = Re~( - iw)  := 
)-~=0 ak cos kwT. To complete the proof, it is sufficient o show that u(w) > 0, because A Arg ~(p) 
-~/2  during the motion of p along the segment p = - iw  (0 ~ w <~ R), R -* c~ and in 
consequence of the symmetry A Arg ~(p) --~ -~r on [~ and so A Arg p(p) = 0 on Kn.  
As Lemmas 1 and 2 are valid for any n ~ N and for any w ~ ~, ~- ~ ~, we have u(w) = 
E~=0 a~ cos kwh- >1 an-~ Ek=0(n  - k)cos kwh" > 0. The proof is complete. 
COROLLARY 1. I f  in equation (2) v~ = kT(T > O, k = O, 1 , . . . , r t ) ,  the sequence (b~) is nor.~- 
negative, convex, and bn = O, then the stationary solution y =_ 1 /~=o b~ of equation (2) ]:s 
stable. 
3. SOME REMARKS 
Sect ion 3.1. 
Note that, if we eliminate the stabilizing term ( -aox(t  - 0)) in (6), Theorem 2 becomes false. 
For example, consider the equation 
dx _ ~ akx(t- k~) (9) 
dt 
k=l 
Put in (9) n -- 4, T = 0.2, al = 10, a2 =- 4, aa = 1.4, a4 = 0.45. Then, the sequence (ak) 
is convex but one of the roots of the corresponding characteristic equation has the form p := 
1.443 - 7.313i Rep > 0 and the zero solution of equation (9) is unstable. 
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Sect ion  3.2. 
It  was shown in [21 for the equation 
dx 
= -aox( t )  - a :x ( t  - (10)  
that  the restriction a0 > a:  > 0 is a sufficient condition of the stabil ity of the zero solution. This 
result is not true when n > 2. For example, at n -- 3, ~- = 0.5, a0 -- 10, a:  = 9.9, a2 = 9.8, 
a3 = 0.0, the root p = 0.099 - 3.767i of the characteristic equation for equation (6) has a positive 
real part  and the zero solution of equation (6) is unstable. 
Sect ion  3.3. 
If we eliminate the condition an --- 0, then Theorem 2 will also be false. For example, let n = 3, 
r -- 0.1, a0 = 10, a:  = 9.5, a2 = 9.27, a3 = 9.2. Then the sequence (ak) is convex but the root 
p = 0.306 - 11.706i of the characteristic equation for equation (6) has a positive real part and 
the zero solution of equation (6) is unstable. 
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